Abstract. We consider pushdown timed automata (PTAs) that are timed automata (with dense clocks) augmented with a pushdown stack. A configuration of a PTA includes a control state, dense clock values and a stack word. By using the pattern technique, we give a decidable characterization of the binary reachability (i.e., the set of all pairs of configurations such that one can reach the other) of a PTA. Since a timed automaton can be treated as a PTA without the pushdown stack, we can show that the binary reachability of a timed automaton is definable in the additive theory of reals and integers. The results can be used to verify a class of properties containing linear relations over both dense variables and unbounded discrete variables. The properties previously could not be verified using the classic region technique nor expressed by timed temporal logics for timed automata and CTL for pushdown systems.
Introduction
A timed automaton [3] can be considered as a finite automaton augmented with a number of dense (either real or rational) clocks. Due to their ability to model and analyze a wide range of real-time systems, timed automata have been extensively studied in recent years (see [1, 29] for recent surveys). In particular, by using the standard region technique, it has been shown that region reachability for timed automata is decidable [3] . This fundamental result and the technique help researchers, both theoretically and practically, in formulating various timed temporal logics [2, 4-6, 22, 25-27] and developing verification tools [21, 28, 24] .
Region reachability is useful but has intrinsic limitations. In many real-world applications [11] , we might also want to know whether a timed automaton satisfies a non-region (e.g., Presburger) property. Recently, Comon and Jurski [13] have shown that the binary reachability of a timed automaton is definable in the additive theory of reals, by flattening a timed automaton into a real-valued counter machine without nested cycles [12] . The result immediately paves the way for automatic verification of a class of non-region properties that previously were not possible using the region technique.
In this paper, inspired by Comon and Jurski's result [13] , we consider pushdown timed automata (PTAs) that are obtained by augmenting timed automata with a push-by the (almost) same sequence of transitions. Therefore, by preserving the (almost) same control structure, a PTA can be transformed into a discrete transition system (called the pattern graph) containing discrete clocks (for the integral parts of the dense clocks) and a finite variable over patterns. The pattern graph can be further reduced to a discrete PTA, whose binary reachability is decidable and can be accepted by a nondeterministic pushdown automaton augmented with reversal-bounded counters (NPCM) [15] . By translating a pattern back to a relation over the fractional parts of the clocks, the decidable binary reachability characterization (namely,
for PTAs can be derived. Given this characterization, it can be shown that the particular class of safety properties that contain mixed linear relations over both dense variables (e.g., clock values) and discrete variables (e.g., word counts) can be automatically verified for PTAs. In this extended abstract, all the proofs are omitted. For a complete exposition see [14] .
Preliminaries
A nondeterministic multicounter machine is a nondeterministic machine with a finite number of states, a one-way input tape, and a finite number of integer counters. Each counter can be incremented by 1, decremented by 1, or stay unchanged. Besides, a counter can be tested against 0. A reversal-bounded nondeterministic multicounter machine (NCM) is a nondeterministic multicounter machine in which each counter is reversal-bounded (i.e., it changes mode between nondecreasing and nonincreasing for some bounded number of times). A reversal-bounded nondeterministic pushdown multicounter machine (NPCM) is an NCM augmented with a pushdown stack. It is known that the emptiness problem for NPCMs (and hence NCMs) is decidable [23] . Let 
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is the set of all progress edges, stay edges, and reset edges wrt . Even though the dense clocks progress synchronously, the discrete clocks may not be synchronous (i.e., that one discrete clock is incremented by 1 does not necessarily cause all the other discrete clocks incremented by the same amount.). The proof has two parts. In the first part of the proof, a technique is used to translate with the synchronous discrete clocks. Therefore, Lemma 7 follows by the fact [15] that the binary reachability of discrete PTA is NPCM. 
The main theorem of this paper gives a decidable characterization for the binary reachability as follows. The proof uses Lemma 6 and Lemma 9. The negation of this property can be expressed in the form required by Theorem 2. Thus, this property can be automatically verified. Notice that this property can not be verified by using results in [8] and (even when clocks are ignored) in [7, 18] . When ã is a timed automaton, by Theorem 1, the binary reachability ÿ ḑ ñ can be expressed in the additive theory of reals (or rationals) and integers. Notice that this characterization is essentially equivalent to the one given by Comon and Jurski [13] 
Conclusions
In this paper, we consider PTAs that are timed automata augmented with a pushdown stack. By introducing the concept of a clock pattern and using an automata-theoretic approach, we give a decidable characterization of the binary reachability of a PTA. The results can be used to verify a class of safety properties containing linear relations over both dense variables and unbounded discrete variables.
The results in this paper can be extended to PTAs augmented with reversal-bounded counters. A future research issue is to investigate whether the liveness results in [17] and the approximation techniques in [16] can be extended to dense clocks. Another issue is on the complexity analysis of the decision procedure presented in this paper. However, the complexity for the emptiness problem of NPCMs is still unknown, though it is believed that it can be derived along Gurari and Ibarra [19] . The results in this paper can be used to implement a model-checker for a subset of the real-time specification language ASTRAL [11] as well as for a class of real-time programming language with procedure calls (such as a timed version of Boolean programs [9] ).
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